Lecture 5

General Initial Surface — The Cauchy Problem

We use the Schwartz notation for a general gth order linear differential equation for a function v :
Degn — R™

Lu = Z Ay (2)0%u = B(z) (1)

lal<q
or put in form
Lu=Y" Aa(@)0®u + gla, {0} ai<q) (2)
lal=¢q
We write (2) explicitly
a1 Qg Qn
Lu(1, @2, n) = 3> > Aayag,an) (2)001052..027 u(@) + g(a, {0 U}y a,<q—1)
k=0k=0 k=0

ajtaz+...an<q
an<q
Definition 1 (Cauchy Problem). The Cauchy problem consists of finding a solution u(x) for (1) or
(2) in which the Cauchy data (general initial condition) is defined on a hyper-surface S C R™ given

by

o(x1, 22,0y y) =0 (3)
where ¢ € C'? and the surface should be reqular in the sense that
Vo #0

Definition 2. (Cauchy Data) The Cauchy data on S for a qth order equation consists of the deriva-
tives of u of orders less than or equal to g — 1

The definition above essentially means that we are to evaluate the derivatives of u with respect to
r, on S under the derivative order constraint indicated above. It must be understood that such data
cannot be arbitrarily chosen, as they must satisfy certain compatibility conditions, for all functions
regular near S. We will explain the phrase ”computability conditions” through the following example
below. We are in aim to find a solution u near S which has these Cauchy data on S. We choose
x, = t, which is usual said to be the 'time’ derivative.
Consider
g —up—uy; =0, S={zxeR" : t=0} (4)

The hyper-surface S is a special case in which it defines subspace R x {t = 0} C R? where all ¢
components are zero. In particular S : ¢(¢t) = 0 satisfying

V¢ = (07 1) 7& O]R2

The derivatives of u required by Definition 2 which are to be evaluated on S (that is ¢t = 0) for order
u(x,()) = wo(.ﬁ), ut(z, 0) = ’lﬂl((Ii) (5)
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um(xﬂ 0) = QD(.%‘) = (%ﬂbo(l‘) (6)
——r

condition

where 9, ¢ are functions that only depend on x which are prescribed on S. Notice above that the
first and third equations must be consistent with each other; this is what we mean by compatibility
condition.

Definition 3. We call S noncharacteristic is we can get all 0%u for |a| = q on S from a linear
algebraic system consisting of the computability conditions and the differential equation (1) or (2)
taken on S. We call S characteristic if it is not noncharacteristic.

We aim to find an algebraic criterion for characteristic surfaces. We will be referring to the example
above with its defined surface S. In general the Cauchy data consists of 9°u with |3| < ¢— 1 evaluated
on S. In our case u(x,0), u(z,0) uz(x,0). We call the derivates with respect to z,, (in our case t) of
orders less than or equal to ¢ — 1 the 'normal’ derivatives on S. That is

Ofu = 0Ffu = Yp(z1,29,..., 2,)  for k=0,.,q—1 z€S8 (7)
In our example that would be equations in (5). Meanwhile the rest of derivatives we have on S
0%u=00"00..0)" s, Bn<g—1 (8)

which is in our case equation (6). We notice for |3] < ¢ — 1 we have all the compatibility conditions
expressing the Cauchy data in terms of the normal derivatives (7).
Consider now index

a*=(0,...,0,9)

We see (using our example) uy; cannot be expressed by (6), since the derivatives vanish. This shows
that it is essential to have the PDE (1) for it is then used to express us(z,0) in terms of (8) (i.e the
Cauchy data). Note that if we had other 2nd order derivatives of u they would be included in (8).
We come to our conclusion that for us to uniquely determine u near S, we require A,« # 0; in our
examplea™ = (0,2) so A 2yus is the part of (1) where we have A~ = 1 # 0. This is the case of (1)
linear, for if it is quasi-linear, we would need to know ), as it multiplies with 0%u.

We saw how the nature of S imposes conditions on coefficients of derivatives of u satisfying |a| = g.
The Characteristic form is defined

CE) =) A™ EeR” 9)
leel=q
We require
C(ve) #0 (10)
We rewrite (2) by combining the leading derivative variable z,, to include it in the sum
> Ag(2)0®u+g(..) =0, with  Ag(0) #0, B=(0,0...,0,q). (11)
lel=q

What this means is that we want this PDE to be of order ¢, so we want conditions Ag(0) # 0

Now consider a general analytic surface: A mapping operator ® that is invertible in a nbhd of s
and is analytic:
d:R"— R"



O(z) = (61(2), i(2), - on () yi = dilx)

(12)

D C R™ we define the pre-image of D by S = ®~}(D) = {z € R": ¢,(z) = 0} in nbhd of 0. We

derive partial derivative expressions by chain rule

Ou _ Oudy,  Qu__ 0%u Oy Oy Ou Py
Or;  Oyy Ox;’  Ox0r;  Oypdy Ox; Oz Oyy 007

Z AnOyu = Z Bo0yu + lower terms.

lal=q lel=q

_ 9\ (9™

lal=q

In the specific case of a =

We want Bg(0) # 0.
C(z,0) =Y Aa(@)e* (€ RM.

la|=¢

Characteristic form of (11)

(13)

(14)

Definition 4. If the surface S = {x : ¢, (x) =0} : yo(x) # 0, satisfies C(x,y¢p(x)) = 0, then S is

called a characteristic at .

{£&: C(z,8) =0} — Characteristic cone at x

Cauchy problem for (11) has a unique analytic solution near s, if S is nowhere characteristic.

Eg. Laplace :

n

Clx, &) =) &

i=1
No characteristic surface.
Wayve:

n—1
Clx, &) =& =Y &
=1

Characteristic surface is a cone.

Heat:
n—1
Clx,&) =Y &
i=1
Characteristic cone = {z : z1 = ...x,—1 = 0} so Characteristic surface = {z : x, = const}



Transport
Doai@du=f,  C@& = a@s Clvée) =0 (17)
—- Suppose S is characteristic
Z Bo0ju+lot =0, initial data u , dpu,...0% tu
lol=gq,0n <q

Constraint in initial data.

C — K theorem is local.
C — K works on analytic setting.
Analytic data = unique analytic solution.
Analytic data = non-analytic sol. unique for linear equations.
Non-analytic data : No general theorey.

Initial data ¢ — u = S(¢) solution. 1 is continuous = Ve > 0, . € C¥,

||’l/) - 1;[}6” <e Ue = SW&)

Is there u s.t u. — u as € — 07

Does ¢ =~ ¢ implies S(¢) = S(¢)?

In general, no.

Eg. ?u+0?u=0 u(z,0) =0, u(z,0) = sininz)

n

Proof. Assume solution form
u(z,t) = k(t)sin(nx).

K" —n?k =0 = k(t) = Aexpnt + Bexp ™

2

u(z,t) = (e"t — e ™) (18)

n
We see that although for small values of z (ie. values near zero) our initial conditions are small,
however the solution about small values of x are not bounded due to the exponential functions of ¢.
This problem is not well posed. 0

Hyperbolic Equations : transport, Wave.
Elliptic Equations: laplace.
Parabolic : heat
Dispersive: Schnodinger.

Z An0%u+g(...) =0

la|=¢



Types of first order PDE’s
Ay = An(z)  semilinear

Ay = Au(z, {aﬁu}wq) quasilinear
Z Ap(2)0%u = f  linear.
le|<q

An(z) = const  cont.ceof f.



